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1. Introduction

In this paper we develop lower and upper bounds for
arrowhead matrices. A matrix Q € R"™™ js called an
arrowhead matrix if it has a form as follows:

D ¢
=1, ,| (1)

where D € RO"=Dx(m=1 js 3 diagonal matrix, c is a vector
in R™!, and b is a real number. Here the superscript
“t” signifies the transpose. The arrowhead matrix Q is
obtained by bordering the diagonal matrix D by the vector
¢ and the real number b. Hence, sometimes the matrix
Q in (1) is also called a symmetric bordered diagonal
matrix. In physics, arrowhead matrices have been used to
describe radiationless transitions in isolated molecules [1]
and oscillators vibrationally coupled with a Fermi liquid [2].
Numerically efficient algorithms for computing eigenvalues
and eigenvectors of arrowhead matrices were discussed in
[3]. The properties of eigenvectors of arrowhead matrices
were studied in [4], and as an application of their results, an
alternative proof of Cauchy’s interlacing theorem was given
there. The existence of arrowhead matrices was investigated

recently in [5-8] such that the constructed arrowhead
matrix has the pregiven eigenvalues and other additional
requirements.

Our motivation to study lower and upper bounds of
arrowhead matrices is from Kung and Suter’s recent work on
the hub matrix theory [9] and its applications to multiple-
input and multiple output (MIMO) wireless communication
systems. A matrix, say A, is a hub matrix with m columns if its
first m — 1 columns (called nonhub columns) are orthogonal
to each other with respect to the Euclidean inner product
and its last column (called hub column) has a Euclidean
norm greater than any other columns. Subsequently, it was
shown that the Gram matrix of A, that is, Q = A’A, is
an arrowhead matrix and its eigenvalues could be bounded
by the norms of the columns of A. As pointed out in
[9-11], the eigenstructure of Q determines the properties
of wireless communication systems. This motivates us to
reexamines these bounds of the eigenvalues of Q and makes
them sharper. In [9], the hub matrix theory is also applied
to the MIMO beamforming problem by comparing k of m
transmitting antennas with the largest signal-to-noise ratio,
including the special case where k = 1 which corresponds
to a transmitting hub. The relative performance of resulting
system can be expressed as the ratio of the largest eigenvalue



of the truncated Q matrix to the largest eigenvalue of the
Q matrix. Again, it was previously shown that these ratios
could be bounded by the ratios of norms of columns of the
associated hub matrix. Sharper bounds will be presented in
Section 4.

The well-known result on the eigenvalues of arrowhead
matrices is the Cauchy interlacing theorem for Hermitian
matrices [12]. We assume that the diagonal elements d;,
j = 1,2,...,m — 1, of the diagonal matrix D in (1) satisfy
the relationd; < d, < --- < d,_1. Let A1,A,,...,A,, be the
eigenvalues of Q arranged in increasing order. The Cauchy
interlacing theorem says that

Msdishsd < <dpa<Auo1 Sdm1 <A (2)
When the vector ¢ and the real number b in (1) are taken
into consideration, a lower bound of 1, and an upper bound
of A, were developed by using the well-known Gershgorin
theorem (see, e.g., [3, 12]), that is,

m—1
Am < maX{dl +letl s dmot + lemo1 b+ D> Icil]n 3)

i=1

m—1
AL > min<|d1 —lal.osdmoy = lema1l, b — Z |Ci|]" (4)

i=1

Accurate bounds of eigenvalues of arrowhead matrices
are of great interest in applications as mentioned before.
The main results of this paper are presented in Theorems
11 and 12 for the upper and lower bounds of the arrowhead
matrices. It is also shown in Corollary 13 that the resulting
bounds are tighter than in (2), (3), and (4).

The rest of the paper is outlined as follows. In Section 2,
we will introduce notation and present several useful results
on the eigenvalues of arrowhead matrices. We give our
main results in Section 3. In Section 4, we revisit the lower
and upper bounds of the ratio of eigenvalues of arrowhead
matrices associated with hub matrices and wireless com-
munication systems [9], and subsequently, we make those
bounds shaper by using the results in Section 3. In Section 5,
we compute the bounds of arrowhead matrices using the
developed theorems via three examples. Conclusions are
given in Section 6.

2. Notation and Basic Results

The identity matrix is denoted by I. The notation
diag(ai, as,...,a,) represents a diagonal matrix whose diag-
onal elements are a;, dy,...,a,. The determinant of a matrix
A is denoted by det(A). The eigenvalues of a symmetric
matrix A € R™" are always ordered such that

M(A) = L (4) < - - - <1, (A). (5)

For a vector a € R”, its Euclidean norm is defined to be

lall := /2L, lail2.

The first result is about the determinant of an arrowhead
matrix and is stated as follows.
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Lemma 1. Let Q € R™™ be an arrowhead matrix of the form
(1), where D = diag(d;, da,...,dpy-1) € RPDXm=D p e R,
andc = (c1,¢2...,cm-1) € R™ 1. Then

m—1 m—1 m—1
detM -Q = A-b)[[A—dp) - > {cj\zﬂu—dk).
k=1 j=1 k=1

k#j

(6)

The proof of this result can be found in [5, 13] and
therefore is omitted here.

When the diagonal matrix D in (1) is a zero matrix, the
following result is followed from Lemma 1.

Corollary 2. Let Q € R™ ™ be an arrowhead matrix having

the following form:
0 ¢ o
= , 7
< b

where ¢ is a vector in R™~! and b is a real number. Then the
eigenvalues of Q are

Q) b — b2+ 4)|c|)? b++/b2 + 4||c||?
(Q) = NIl o yo7 T Allell

An(Q) =

2 ’ 2 ’
Ai(Q) =0, fori=2,....,m—1.
(8)
Proof. By using Lemma 1, we have
det(AT — Q) = A"2(A% — bA — [|cl)?). 9)

Clearly, A = 0is a zero of det(AI — Q) with multiplicity m — 2.
The zeros of the quadratic polynomial A> — bA — ||c|| are
(b — /b2 +4]|cll?)/2 and (b + /b2 +4[cl|?)/2, respectively.
This completes the proof. O

In what follows, a matrix Q having a form in (7) is called
a special arrowhead matrix. The following corollary (also, see
[3]) is a direct result from Lemma 1.

Corollary 3. Let Q be an m X m arrowhead matrix given by
(1), where D = diag(d;, da,...,dpy-1) € RPDXm=D p ¢ R,
and c = (c1,¢2,...,¢m-1) € R™L, Let us denote the repetition
of the number d; in the sequence {d;}["1" by k;. Ifk; > 2, then
d; is the eigenvalue of Q with multiplicity k; — 1.

Proof. When the integer k; = 2, the result follows from

Lemma 1 since (A — dj)kf ~!is a factor of the polynomial

det(AI — Q). O

Corollary 4. Let Q be an m X m arrowhead matrix given
by (1), where D = diag(dy,da,...,dm-1) € RUPDX0m=1)
b e R, andc = (c1,¢...,6m-1) € R™ L Suppose that the
last k = 2 diagonal elements dy—i, dm—k+15. .. >dm—1 of D are
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identical and distinct from the first m — k — 1 diagonal elements

di,da,...,dm-k—1 of D. Define a new matrix
_dl E/1 ]
Q = dm—k—l Em—k—l (10)
dm—k Em—k
¥El st 8m—k—l Em—k b
with ¢; = ¢j for j = 1,2,...,m —k — 1 and Cpx =

WIZ;";,,L,( [cj|2. Then the eigenvalues of Q are that of@ together

with dp,— with multiplicity k — 1.

Proof. Since numbers dp—k, dm—k+1,...,dm-1 are identical
and distinct from numbers dy, ds, ..., du—_k—1, we have

m—1 m—k

A=d)=|[TA=d) |A=dn )", jsm—k-1,

i=1 i=1
i#]j i#]j
m—1 szl
> gl TTo-d
j=m—k ‘i:IA
i#j
m—1 ) m—k—1 o
= 2 Jal )| TT Q-d) |0 -dun"
j=m—k i=1
(11)
By (6) in Lemma 1, we have
det(AI — Q)
m—1 m—1 2m—1
=A-n[]Aa-d)- > || TTa-d)
i=1 j=1 l_i;lj
m—k m—k 2m—k—l
=|a-0T0-d)= X [&]" [T A-d) |A-dui)*"
i=1 j=1 i:{j
=det(A1 - Q) - (A —dy )" .
(12)

Clearly, if A is an eigenvalue of Q, then A is either an
eigenvalue of é or dy,—. Conversely, dy,_x is an eigenvalue

of Q with multiplicity k — 1 and the eigenvalues of Q are that
of Q. This completes the proof. O

By using Corollaries 3 and 4, to study the eigenvalues of
Q, we may assume that the diagonal elements dy, d3,. .., dm—1
of Q are distinct when we study the eigenvalues of Q in
(1). Since eigenvalues of square matrices are invariant under
similarity transformations, we can without loss of generality
arrange the diagonal elements to be ordered so that d; <
dy < -++ < dp_,. Furthermore, we may assume that all

entries of the vector c in (1) are nonzero. The reason for this
assumption is the following. Suppose that c;, the jth entry of
¢, is nonzero, it can be easily seen from Lemma 1 that A — d;
is a factor of det(AI — Q); that is, d; is one of eigenvalues of
Q. The remaining eigenvalues of Q are the same as those of
a matrix which is obtained by simply deleting the jth row
and column of Q. In summary, for any arrowhead matrix,
we can find eigenvalues corresponding to repeated values in
D or associated with zero elements in ¢ by inspection.

In this paper, we call a matrix Q in (1) irreducible if
the diagonal elements d;, ds,...,d,—1 of Q are distinct and
all elements of ¢ are nonzero. By using Corollary 4 and the
above discussion, this arrowhead matrix can be reduced to
an irreducible one.

Remark 5. In [4, 9], Hermitian arrowhead matrices are
considered; that is, it allows that ¢ in the matrix Q of the form
(1) is a vector in C"™~1. We can directly construct many (real
symmetric) arrowhead matrices denoted by é from Q. The
diagonal elements of these symmetric arrowhead matrices
are the exactly same as those of Q. The vector ¢ in (NQ could
be chosen as

E:(i|cl‘>i|c2|7---)i|cm—l|)- (13)

In such a way, there are 2! such symmetric arrowhead
matrices. Because det(Al — Q) = det(Al — Q) by Lemma 1,
every such symmetric arrowhead matrix Q has the identical
eigenvalues with Q. This is the reason why we just consider

the eigenvalues of real arrowhead matrices in this paper.

The following well-known result by Weyl on eigenvalues
of a sum of two symmetric matrices is used in the proof of
our main theorem.

Theorem 6 (Weyl). Let F and G be two m X m symmetric
matrices. Let us assume that the eigenvalues of F, G, and F+ G
have been arranged in increasing order. Then

Xi(F+G) < M(F) +Ajism(G), fori=j,  (14)

/\](F + G) = Al(F) +/1j—i+l(G)> fO?‘ i< ] (15)

Proof. See [14, page 62] or [12, page 184]. O

To apply Theorem 6 for estimating eigenvalues of an
irreducible arrowhead matrix Q, we need to decompose Q
into a sum of two symmetric matrices whose eigenvalues are
relatively easy to be computed. Motivated by the structure
of the arrowhead matrix and the eigenstructure of a special
arrowhead matrix (see, Corollary 2), we write Q into a sum
of a diagonal matrix and a special arrowhead matrix.

To be more precisely, let Q € R™ ™ be an irreducible
arrowhead matrix as follows:

D ¢
Q= 4l (16)



where d,, € R, D = diag(d;,da,...,dnm—1) with 0 < d; <
dy < -+ <dy_1 <dn,and cisavector in R™"!. For a given
p € [0,1], we write

Q=E+S§, (17)

where

0 c
E = diag(dy, ds,. .., dm-1,pdm), S= .
1ag(1 2 P ) [c‘ (l—p)dm]

(18)

Therefore, we can use Theorem 6 to give estimates of the
eigenvalues of Q via those of E and S. To number the
eigenvalues of E, we introduce the following definition.

Definition 7. For a number p € [0, 1], we define an operator
7, that maps a sequence {d,-}}”:1 satisfying 0 < d; < d, <

- < dm-1 < dp to a new sequence {cz};-”:l = ‘Tp({di};”:l)
according to the following rules: if pd,, < d;, then le = pdp,
and dj;, := dj for j = 1,...,m — 1; if pd,, > dy_1, then
dN =djforj=1..m-1 and«i = pdm, otherwise,
there eXlstS an 1nteger jo such that d;, < pd,, < djj41, then

d i=djforj=1,..
]—]0+1 .,m— 1.

» Jos d]n+1 = pdy, and d]+1 := d; for

Theorem 8. Let Q € R™™ be an irreducible arrow-

head matrix having a form of (16), where D =
diag(dl,dz,...,dm,l) with0 <dy <dy < ---<dyu_1 <dpm
and ¢ is a vector in R™™'. For a given p € [0,1], define
{di};”:l = ‘J‘;,({di};-il). Then, one has
rmin{% +t,dy,dy, +s}, ifj=1,
M(Q)S*min{gj-kt,gjﬂ}, if2<j<m-1,
Lgm + t) Zf] =m,
(19)
(dy +5, ifji=1,
Aj(Q)z<maX{%,1,(;j +s}, if2<j<m-1,
kmax{gl + t,c?m_l,ch +s}, if j = m,
(20)
where
o (L p)dyy (1 p)d + 4l
= 5 ,
(21)

(1= p)dn+1/(1-p) )i+ 4l
2

Proof. For a given number p € [0, 1], we split the matrix Q
into a sum of a diagonal matrix E and a special arrowhead
matrix S according to (17), where E and S are defined by (18).
Clearly, we know that

N(E) = d; (22)
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for j = 1,2,...,m. By Corollary 2, we have
M) =5, An(S) =t Aji(S) =0, forj=2,...,m—1,
(23)
where s and t are given by (21).
Upper Bounds. By (14) in Theorem 6, we have
Ai(Q) < Mi(E) + Ay j-i(S) (24)
forall i = j. Clearly, for a given j,
1(Q) < rgi]n{/\i(E) + Amij-i(9)]. (25)

More precisely, since {c?i}ﬁl is monotonically increasing, s <
0, and t > 0, we have
M(Q) < min{c?l + t,c?z,...,gm_l,gm +s}

= min{c;l + t,c?z,gm +s},

2;(Q) =< min{gj + t,c;jﬂ,...,de} = min{dN t, dJH}
(26)
forj=2,...,m—1,and
A (Q) < Ap(E) + Ap(S) = dop + . (27)

In conclusion, (19) holds.

Lower Bounds. By (15) in Theorem 6, we have, for a given j,
1(Q) = maxl(B) + 411 ()] (28)

Hence,
M(Q) = L(E)+u(S) = dy +5,

2i(Q) = max{g] +s,c7j_1,...,c71} = max{jj +s,(;j_1}

(29)
forj=2,...,m—1,and
An(Q) = max{gm +s, gm_l,...,gz,gl + t}
N N R (30)
= max{dm +s,dp_1,d; + t}. .

As we can see from Theorem 8, the lower and upper
bounds of the eigenvalues for Q are functions of p € [0, 1] for
the given irreducible matrix Q. In other words, the bounds
of eigenvalues vary with the number p. Particularly, when we
choose p being the ending points, thatis,p = 0O and p = 1,
we can give an alternative proof of interlacing eigenvalues
theorem for arrowhead matrices (see, e.g., [12, page 186]).
This theorem is stated as follows.
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Theorem 9 (Interlacing eigenvalues theorem). Let Q € R™*™
be an irreducible arrowhead matrix having a form in (16),
where D = diag(d, da,...,dpm—1) with0 < dy <dy < -+ <
dm—1 < dy, and c is a vector in R™~1. Let the eigenvalues of Q
be denoted by {/\j};n:l withdy <Ay < --- <A, Then

Proof. By using (19) with p = 0 in Theorem 8, we have
Aj < djfor j = 1,2,...,m — 1. By using (20) with p = 1
in Theorem 8, we obtain A; = d; | for j = 2,3,...,m.
Combining these two parts together yields our result. O

The proof of the above result shows that we could
have improved lower and upper bounds for each eigenvalue
of an irreducible arrowhead matrix by finding an optimal
parameter p in [0, 1]. Our main results will be given in the
next section.

3. Main Results

Associated with the arrowhead matrix Q in Theorem 8, we
define four functions f;, i = 1,2, 3,4, on the interval [0, 1] as
follow:

5ip) 1= 5 (= P = (1= p) e alel),

£p) 1= 5 (=P (1= )y +41l?). 5

F5(p) := pdm + fi(p),
falp) == pdw + £2(p).
Obviously,

s= fi(p),

where s and ¢ are given by (21).

The following observation about monotonicity of func-
tions f;, i = 1,2, 3,4, is simple, but quite useful as we will see
in the proof of our main results.

t=f2(P): (33)

Lemma 10. The functions f; and f, both are decreasing while
f3 and fy are increasing on the interval [0, 1].

The proof of this lemma is omitted.

Theorem 11. Let Q be an irreducible arrowhead matrix
defined by (16) and satisfying all assumptions in Theorem 8.
Then the eigenvalues of Q are bounded above by

minfdydui+ i) ] iy =,
1;(Q) = 19 ifa<j<m-1,

dm- o
dm—1+f2( p 1), if j=m.

(34)

Proof. In Theorem 8, the upper bounds of the eigenvalues of
Q in (19) are determined by d;, j=12,...,m,and s and ¢
in (21). They can be viewed as functions of p in [0, 1]. That
is, the upper bounds of the eigenvalues of Q are functions of
p in the interval [0, 1]. Therefore, we are able to find optimal
bounds of the eigenvalues of Q by choosing proper p. The
upper boundson A;(Q)for j=1,2<j<m~—1,and j =m
in (34) are discussed separately.

Upper Bound of 1,(Q). From (19), we have

0 (S) < min{dy +t,do, dy + s}, (35)

where c?k, s, and t are functions of p on the interval
[0,1]. In this case, we consider p in the following four
subintervals: [0,d1/d,], [di/dm, d2/dn), [d2/diy d—1/d ],
and [d,,—1/dm, 1], respectively. For p € [0,d,/d,,], we have

di+t = fip)yd = dy,and d, +s = fi(p). For p €
(di/dy, d>/d,), we have dy +t = dy + fo(p), d» = pdyy, and
duw+s = dy 1 + filp). For p € [do/dy,dy1/d], we have
di+t=d + f(p), ds = dy,and d, + 5 = dy_1 + fi(p). For
p € [dn_1/dm 1], we have dy +t = dy + fo(p), d» = db, and
A +5 = f3(p). Hence

min dz = dl,

pe(0,1]

d v é]
dm_1+f1(dm>, iV =04,
dm—1+fl(é>7 lfV: ﬂ)@:lﬁ

~ dm L dp” dm
mi‘r}(dm-i-s) = 1 J 4
P m=1 e | 92 dma
dm71+fl( dm )) lfV— _dm’ dm :|)

dm—l) . _ 7dm—1 :|
dmfl-"_fl( dm > itV = i dm )1 >
£0), it =[o, 2],

L dm
d1+ﬁ(@), itV = ﬂ,ﬂ],
. ~ dm -dm dm
ml‘r/l(dl +t) = 1 p 54
pe m—1 ) m—1:|
d1+f2< o ) i =[5,
. Vdmfl
i+ £, ifv = ,1].

(36)

Since 0 > fl(dl/dm) > fl(dz/dm) > fl(dm—l/dm): fz(o) =
dm > dy, and fo(da/dy) > fo(dm-1/dm) > (1) > 0, we have

)} (37)

Upper Bound of A;(Q), for2 < j < m—1. From (19), we have

M(Q) < min{dl)dmfl + fi (d;kl

1(Q) < min{d; + t,dj . (38)



In this case, we consider p lying in the following four subin-
tervals: [0,d;_1/dy], [dj-1/dm,dj/dn), [dj/dm,dj1/dp], and

[dj+1/dm, 1], respectively. For p € [0,d;_1/d,,], we have (;] +
t=di+ filp) and djsy = d;. For p € [d;_1/dp, d;j/d,], we
have g] +t = fi(p) and c?jﬂ = dj. Forp € [dj/dm,dj1/dm],
we have L?] +t = dj + fr(p) and (;jﬂ = pdy. For p €

[djs1/dm, 1], we have dj + t = d; + fr(p) and dj1 = djy1.
Hence

min d]+1 =d,,

pel0,1]
[ di . [ di
dj1+f2(6]im), if V= 0,(;"1]
di1 . dj-y d;
) e[ 2]
rréi‘r/1<dj+t)=* 4 d
P j+1 . _ | 4 djn
dj + f2< ) ifv= _dm, 1 },
[(d;_
d; + (1), if V= 6;1,1].
] (39)
Therefore,

d;
2(Q) < min{djl +f (;1),@}. (40)

Since dj_1 +f2(dj—l/dm) = f4(d]_1/dm) > f4(0) > dm = d]‘,
we get

/\J(Q) < dj. (41)
Upper Bound of 1,,(Q). From (19) we have
An(Q) < dy + 1. (42)

For p € [0,dyu—1/d], we have de +t =du1+ fo(p) while
for p € [dy—1/dm, 1], we have d,,, +t = fa(p):

.
-1 +f2< i

min(c?m—kt) = p p
dm,1+f2( ;*1), iV = [ ;“1,1].

peV

(43)
Hence,
dm—l
Anl@ < do-1 + fo( 21 (44)
This completes the proof. O
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Theorem 12. Let Q be an irreducible arrowhead matrix
defined by (16) and satisfying all assumptions in Theorem 8.
Then the eigenvalues of Q are bounded below by

d .
d1+f1<j), ifj=1,
d;
2i(Q) = max{dj_l,dj + fi (;)}, if2<j<m-1,
d .
d1+fz<dfl), if j=m

(45)

Proof. In Theorem 8, the lower bounds of the eigenvalues
of Q in (20) are determined by c?', j =12,....,m,and s
and t in (21). As we did in Theorem 12, the lower bounds
of the eigenvalues of Q are functions of p in the interval
[0, 1]. Therefore, we are able to find optimal bounds of the
eigenvalues of Q by choosing proper p. The discussion is
givenfor j =1,2 < j <m—1,and j = min (45), separately.

Lower Bound of A;(Q). From (20), we have

M(Q) =d +s. (46)

In this case, we consider p lying in the following two
subintervals: [0,d,/d,,] and [di/d, 1]. For p € [0,d\/dp],

071+s = f3(p). Forp € [di/dn, 1], we havec?l-ks =d + fi(p).

Hence
d1+ﬁ<j—l), itV = [o,ji],
max(c?l +s) = " " (47)
e d + (ﬁ) if V= [é 1]
1 fl dm > 1 = dm) .
It leads to
d
Q) = di + fi (dfl) (48)
Lower Bound of 1,(Q). From (20), we have
1(Q) = max{dy, d; +s}. (49)

In this case, we consider p lying in the following three
subintervals: [0,d;/d,.], [dl/dm,dz/d ], and [d»/d, 1]. For
€ 0,d1/d], we have d1 = pdm, dz +s =d, + fi(p). For
p € ldy/du,dy/d,,], we have d1 = di, dz +s = fi(p). For
€ |dr/dm, 1], we have d1 = d; and dz +s = dy + filp).
Hence,

madelzdl,
peV
[ . [ dy
A+ fi0),  ifV= o,d—],
d (di d (50)
o 2 . 1 dy
rglea‘;c(d2+s) :‘d2+f1(a>, if V= _a,a],
2) p— Y ]
kd2+f1<dm v |2
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These lead to
d
Q) = max{dl,dz +f1(d—)}. (51)
Lower Bound of 1;(Q), 3 < j < m — 1. From (20), we have
1(Q) = max{d;_y,d; +s]. (52)

In this case, we consider p lying in the following three subin-
tervals: [0,d; »/dn), [dj—2/dm,dj-1/dn], [dj-1/dm,dj/dpn],
and [d;/dy, 1]. For p € [0,d;-o/d], we have dj-1 = dj
and d +s = dj- 1+f1(p) For p € [dj_2/dm,dj-1/dm],
wehaved 1 = pdm andd +s = dj_ 1+f1(p) For p €
[dj-1/dw,dj/dy), we have d],l =dj_and d] +s = f3(p). For

p € [di/dp,1],wehaved; | = d; and d; +s = d; + fi(p).
Hence

maxd] 17d] 1>

peV

( [ d;-

diy + £1(0), if V= o,;lz],
d;- (d;, dj

dj_1+f1<émz), ifV = szz’cjzml}’

r;lea‘gc(c@+s):< . :d' .

aei(5) wv- |
d; . [ d;

\dj+f1<d:n), ifv = _d;,l].

Sinced; 1 >dj 1+ f1(0) >dj 1 + fi(dj-2/dm), we have

d:
1i(Q) = max{djl,d,- + fi (df> } (54)

Lower Bound of 1,,(Q). From (20), we have
An(Q) = max{dy +t,dyy1,d + s} (55)

In this case, we consider p lying in the following three subin-
tervals: [0,d1/dw], [di/dm,dm—2/dm); A2/, dyp—1/din],
and [dy-1/dm, 1]. For p € [0,d/dy], we have d; +t =
fip)s dnt = dmzy d +s = duoy + filp). For p €
[di/dp, dm—2/d], wehave dy +t = di + fo(p), du—1 = dim—2,
dy+5 = dpy + fi(p). For p € [dy—2/dm, dn-1/di], we have
d1+t—d1+f2(p) dm 1 —pdm,d +5=du1+ fi(p). For

p € [du-r/dm, 1], wehave di +t = di + f(p), dy1 = du1,

dm +s = f3(p). Hence

pel0,1]
duort fi0), V= oj—l]
d Td dy
on(), e[t
ma&((c?m-i-s):* i
pe Ao\ o [ dy
d’”‘1+f1( d 2)’ V=TT 1]’
dut fi(1), V= dc'l"_l,l],
d1+f2( ) itV = o,j—l],
d . cdy dy
loes®) v 85
ma&((dl-i-t) = " Somewm
pe ]
d1+f2(dm’2>, iV = d;”*z,d(;"*l],
d1+f2(d2‘1), itV = d;“,y
) (56)

Since 0 > £,(0) > fi(di/dw) > fi(d-2/dp) and fo(di/dy) >
F(ds/dr) > f(dn_1/d,y), we have

An(Q) = max{dm_l,dm D). dy +f2(%)}. (57)

Since dy + fo(di/dw) = faldi/dm) > fa(0) = d,, we get

Q) > dy +f2<j—;>. (58)

This completes the proof. O

Corollary 13. Let Q be an irreducible arrowhead matrix
defined by (16) and satisfying all assumption in Theorem 8.
Then upper and lower bounds of the eigenvalues of Q obtained
by Theorems 11 and 12 are tighter than those given by (2), (3),
and (4).

Proof. Since

min{dl,dm71+ﬁ<d;71>} Sdl, (59)

then the upper bound for the eigenvalue A,(Q) given by (34)
in Theorem 11 is tighter than that by (2). The upper bounds
for the eigenvalues 1;(Q), j = 2,...,m — 1, provided by (34)
in Theorem 11 are the same as those by (2).



Note that 0 < d; <
of (3) with b = d,, is

s+ <dp_1 < dp; the right-hand side

m—1
max{dl +leils..osdmer + lem-1l, b+ Z |Ci|}

i=1
(60)

m—1
=dn+ D lail.
i=1

Since llcll < "' el, dm + llcl = fa(1), and dppy +
fldm-1/dm) = fa(dm-1/dm), we have
)> 0,

(61)

m—1
A
et il =y + (2
i=1 m

)< s

and then the upper bound of A,,,(Q) from (34) in Theorem 11
is tighter than that from (3).
Now we turn to the lower bounds of 1;(Q). Since

max{djl,dj+f1<:j>} > j-1 (62)

forj=2,...,m—1and

dy +f2(j—1> > dy > dy1, (63)

we know that the lower bounds for the eigenvalues 1;(Q),
j = 2,...,m, provided by (45) in Theorem 12 are tighter
than those by (2). L]

Remark 14. When ¢ in (16) is a zero vector, by using
Theorems 11 and 12, we have d; < A(Q) < dj, that is,
MQ) = d;. In this sense, the lower and upper bounds given
in Theorems 11 and 12 are sharp.

Remark 15. When Q in Theorems 11 and 12 has size of
2 % 2, the upper and lower bounds of its each eigenvalue are
identical. Actually, from Theorems 11 and 12 we have

4 +f1<Z—;> “0L(Q < min{dl,dl i f (%)}
(64)
d +f2(%> “h(Q <d +f2(j—;).
Clearly, we have

MQ =di+ (j—;) 1(Q) = d +f2(j—;). (65)

This can be verified by calculating the eigenvalues Q directly.

Remark 16. For the lower bound of the smallest eigenvalue
of an arrowhead matrix, no conclusion can be made for the
tightness of the bounds by using (4) and (45) in Theorem 12.
An example will be given later (see Example 22 in Section 5).
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4, Hub Matrices

Using the improved upper and lower bounds for the
arrowhead matrix, we will now examine their applications to
hub matrices and MIMO wireless communication systems.
The concept of the hub matrix was introduced in the context
of wireless communications by Kung and Suter in [9] and it
is reexamined here.

Definition 17. Amatrix A € R™ is called a hub matrix, if its
first m — 1 columns (called nonhub columns) are orthogonal
to each other with respect to the Euclidean inner product
and its last column (called hub column) has its Euclidean
norm greater than or equal to that of any other columns. We
assume that all columns of A are nonzeros vectors.

We denote the columns of a hub matrix A by
ai, az,...,am. Vectors aj, as, . .., a,-1 are orthogonal to each
other. We further assume that 0 < ||a;]| < |lazll < --- <
llamll. In such case, we call A an ordered hub matrix. Our
interest is to study the eigenvalues of Q = A’A, the Gram
matrix A. In the context of wireless communication systems,
Q is also called the system matrix. The matrix Q has a form
as follows:

[l l? (a1, am) |
llax]I? (@2, )
Q =
lam-11>  {@m-1,am)
(@ ar) (am a2) (am am-)  laml?

(66)

Clearly, Q is an arrowhead matrix associated with A.

An important way to characterize properties of Q is in
terms of ratios of its successive eigenvalues. To this end, the
ratios are called eigengap of Q which are defined [9] to be

EGA(Q) = A’;*%;)Q(? (67)

fori = 1,2,...,m — 1. Following the definition in [9], we
define the ith hub-gap of A as follows:

2
HG;(A) = M (68)

2
llam-ill

fori=1,2,...,m— 1.

The hub-gaps of A will allow us to predict the eigen-
structure of Q. It was shown in [9] that the lower and upper
bounds of EG;(Q) [9] are given by the following:

HG;(A) < EG;(Q) = (HG;(A) + 1)HG,(A). (69)

These bounds only involve nonhub columns having the two
largest Euclidean norms and the hub column of A. Using
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the results in Theorems 11 and 12, we obtain the following
bounds:

fi(larl/llam!l?)
a1 12
fi(lam-11*/llam!l?)

max{lam-ll%, fs (llam-1 12/l anl®) }
(70)

<EGi(Q) =<

Obviously, these bounds are not only related to two nonhub
columns with the largest Euclidean norms and the hub
column of A but also related to the nonhub column having
the smallest Euclidean norm and interrelationship between
all nonhub columns and the hub column of A. As we
expected, the lower and upper bounds of EG;(Q) in (70)
should be tighter than those in (69). To prove this statement,
we give the following lemma first.

Lemma 18. Let a1, ay,...,an be the columns of a hub matrix
Awith0 < llaill < llazll < - - - < llam-1ll < llamll. Then

Fulp) > llanll forp e (0,1], (71)
2
ﬁ('“*”“!) < llaml + llam_1 I (72)
lanm]

Proof. From Lemma 10, we know, for p € (0, 1],

2 4 2
llamll” ++/llamllI” + 4llcll

£(p) > /(0 - ;

> llanl?, (73)

where ||cl|> = 37" [{a;, am) |*. The inequality (71) holds. By
the definition of f;, showing the inequality (72) is equivalent
to proving

lel? < laml* lam-1 117, (74)

This is true because

5 m—1 2
lanl® = 3 = | {a.am) |
Aol .
o [ {ay.a >\2 licll?
= 2 j>@m = 2°
S llam | a1l

The first inequality of above is from the orthogonality of a;,
j =1,...,m — 1 while the second inequality is from [|a;|| <
llazll < - -+ < llam-1ll. This completes the proof. O

The following result holds.

Proposition 19. Let Q in (66) be the arrowhead matrix
associated with a hub matrix A. Assume that 0 < |la;l <
lazll < -+ < llamill < llamll, where aj, j = 1,...,m
are columns of A. Then the bounds of the EG,(Q) in (70) are
tighter than those in (69).

Proof. We first need to show

2
llamll

2
lam-1ll

. fi(lasl*/llamll?)

: (76)
1

Clearly, this is true because of (71). Next we need to show

fi(lam1 1/ llam!l?)
max{llam 2% £ (llam 112/ lamll*) }

(77)
2 2
< ( llamll ! +1> Hamflnz'
llam-1ll llam—|l
To this end, it is suffice to prove
2
Am—
fi( 1o lD) o g 8)
llaml
This is exactly (72). The proof is complete. O

The lower bound in (70) can be rewritten in terms of the
hubgap of A as follows:

llay 1/l amll? 2
ﬁ(l—z)=lHG1(Q) T PO i )
llam-1ll 2 llanll

The upper bound in (70) can be rewritten in terms of the
hubgap of A as follows:

fi(lam1177llanl?)
max{ llam-2l1%, f3 (lam-11%/lanll?) }

_ Sallana 1/ lan]?)

2
lam-2l

_ %(HGI(A) +1)HG,(4)

4flcl?

;.
2 2
(lamll* = llam117)

(80)

+ %(HGl(A) CDHG(A) |1+

To compare these bounds to Kung and Suter [9], set ||c]|? =
0, and the bounds for EigGap, (Q) in (70) become

HG;(A) < EG1(Q) < HG,(A)HG;,(A). (81)

Under these conditions, the lower bound agrees with Kung
and Suter while the upper bound is tighter.

Let A € R"™" be an ordered hub matrix. Let A €
R"™k be a hub matrix obtained by removing the first n — k
nonhub columns of A with the smallest Euclidean norms.
This corresponds to the MIMO beamforming problem by
comparing k of m transmitting antennas with the largest
signal-to-noise ratio (see [9]). The ratio )Lk((NQ)/Am(Q) with
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Q = A'A describes the relative performance of the resulting
systems. It was shown in [9] that for k > 2

o> M(Q)
lamll” + lan11? ~ An(Q) ~
By Theorems 11 and 12, we have
fi(lamxaPManl®)  0(Q)  fa(llam- 117/ llaml?)

fi(lama1Planl®) — 2n(Q = fi(llar P/ laml?)
(83)

lamll® + llam-11I>

2
llamll

(82)

By Lemma 18, the lower and upper bounds for the ratio
M(Q)/A,(Q) in (83) are better than those in (82). In
particular, when k = 1, the matrix 6 corresponds to the
hub, as such, it reduces to (.NQ = [|lamll?]; hence, /\1((3) =
lam|l?. Therefore, an estimate of the quantity |la;, [12/1,,(Q)
was given in [9] as follows:

llanll” llamll?
< <1 (84)
lamll® + llam-1 11>~ An(Q)
By Theorems 11 and 12, we have
llamll” llamll* llanmll”
< < . (85
fi(lam 1P/ lanl®) ~ An(Q "~ fi(la I/ lan!l?) 8

Again, by Lemma 18, the lower and upper bounds for the
ratio ||am1/?/A,»(Q) in (85) are better than those in (84). We
can simply view (84) and (85) as degenerate forms of (82)
and (83), respectively.

5. Numerical Examples

In this section, we will numerically compare the lower
and upper bounds of eigenvalues for arrowhead matrices
estimated by three approaches. The first approach is due to
Cauchy, denoted by C and based on (2)—(4). The second
approach, denoted by SS, is based on eigenvalue bounds
provided by Theorems 11 and 12. The third approach,
denoted by WS, is based on Wolkowicz-Styan’s lower and
upper bounds for the largest and smallest eigenvalues of a
symmetric matrix [15]. These WS bounds are given by

—sp=h(Q =a-,
a-—sp 1 a »

(86)
a+§ < An(Q) < a+sp,

vm—1, a

where Q € R™ is symmetric, p
trace(Q)/m, and s? = trace(Q'Q)/m — a2.

Example 20. Consider the directed graph in Figure 1, which
might be used to represent a MIMO communication scheme.
The adjacency matrix for the directed graph is

0101

0011

A= ,
0101
1001

(87)

10
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FIGURE 1: A directed graph.

which is a hub matrix with the right-most column cor-
responding to node 4 as the hub column. The associated
arrowhead matrix Q = ATA is
1001
0202
0011}
1214

(88)

The eigenvalues of Q are 0,1,1.4384,5.5616. Corollary 3
implies 1 being the eigenvalue of Q. By Corollary 4, the
following matrix

1 02
Q=0 2 2 (89)
V2 2 4

should have eigenvalues of /11(6) = 0, AZ(CNQ) = 1.4384,
)L3((NQ) = 5.5616. The C bounds, SS bounds, and WS bounds
for the eigenvalues of the matrix Q are listed in Table 1. For
11(Q), the lower SS bound is best; next is the lower C bound
followed by the lower WS bound; the upper SS bound is best;
next is the upper WS bound followed by the upper C bound.
For )Lz(é), SS bounds and C bounds are the same as the C
bounds. For A3(Q), the lower SS bound is best; the lower C
bound and WS bound are the same; the upper SS bound is
best; next is the upper WS bound followed by the upper C
bound. In conclusion, the SS bounds are best.
The bounds of the eigengap of Q provided by (69) are

2<EGi(Q) <6 (90)
while the bounds provided by (70) are
2.6861 < EG;(Q) < 5.6458. (91)

Therefore, the bounds by (70) are tighter than those by (69).
This numerically justifies Proposition 19.

Example 21. We consider an arrowhead matrix Q as follows:

1 042
Q=0 6 2 (92)
V22 7
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TasLE 1: C bounds, SS bounds, and WS bounds for Example 20.
. C bounds SS bounds WS bounds
Eigenvalues
Lower Upper Lower Upper Lower Upper
L(Q) =0 —0.4142 1 —-0.3723 0.3542 -1 0.6667
1 (Q) = 1.4384 1 2 1 2
15(Q) = 5.5616 4 7.4142 5.3723 5.6458 4 5.6667
TaBLE 2: C bounds, SS bounds, and WS bounds for Example 21.
. C bounds SS bounds WS bounds
Eigenvalues
Lower Upper Lower Upper Lower Upper
A (Q) = 0.6435 —0.4142 1 0.1270 1 0 2.3333
1(Q) = 4.6304 1 6 4 6
A5(Q) = 8.7261 6 10.4142 7.8730 9 7 9.3333
TasLE 3: C bounds, SS bounds, and WS bounds for Example 22.
. C bounds SS bounds WS bounds
Eigenvalues
Lower Upper Lower Upper Lower Upper
A(Q) =0.6192 0.5000 1 0.2753 0.8820 0.2137 0.9402
AL(Q) = 1.3183 1 2 1 2
A5(Q) = 3.0624 2 3.5000 2.7247 3.1180 2.3931 3.1196

The eigenvalues of Q and the corresponding C bounds,
SS bounds, and WS bounds for the eigenvalues of Q are listed
in Table 2. For A, (Q), the lower SS bound is the best; next is
the lower WS bound followed by the lower C bound; the SS
upper bound and the C upper bound are the same and are
better than the upper WS bound. For 1,(Q), the lower SS
bound is better than the lower C bound; the upper SS bound
is the same as the upper C bound. For A5(Q), the lower SS
bound is the best; next is the lower WS bound followed by
the lower C bound; the upper SS bound is the best; next is
the upper WS bound followed by the upper C bound.

Example 22. We consider an arrowhead matrix Q as follows:

—
o
—_— N =

(93)

= O

The eigenvalues of Q and the corresponding C bounds,
SS bounds, and WS bounds for the eigenvalues of Q are listed
in Table 3. For 1,(Q), the lower C bound is best; next is the
lower SS bound followed by the lower WS bound; the upper
SS bound is the best; next is the upper WS bound followed by
the upper C bound. For 1,(Q), the SS bounds are the same
as the C bounds. For 13(Q), the upper SS bound is the best;
next is the upper WS bound followed by the upper C bound;
the SS lower bound is the best; next is the lower WS bound
followed by the lower C bound.

11

6. Conclusions

Motivated by the need to more accurately estimate eigengaps
of the system matrices associated with hub matrices, this
paper provides an efficient way to estimate the lower and
upper bounds of arrowhead matrices. Improved lower and
upper bounds for the eigengaps of the system matrices are
developed. We applied these results to a wireless computation
application, and subsequently we presented several numeri-
cal examples. In the future, we will plan to extend our results
to hub dominant matrices, which will allow hub matrices
with correlated nonhub columns.
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